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Reduced basis ingredients
Flow problems on complex geometries
Domain decomposition

Reduced basis elements -> non-conforming
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@ The geometry as a parameter -> non-affine
°
@ Smoothing process
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Conforming error analysis

o Offline basis for the smoothing process




Reduced basis ingredients

o Parameter set: Sy = {ui} Y.
Q

Affine decomposition: An(u) = Zﬁq(u)AX,.
g=1
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@ Reduced basis solution: uy(p) = Za;(,u)u,-.
i=1

©
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Output of interest: sy(p) = Za;(u)s,-.
i=1

(

©
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A posteriori error analysis: s™ () < sy(u) <s




Flow problems on complex geometries

The steady Stokes equations:
findue Xand pe M

a(u,v; u) + b(v, p; i) I(u;p) YweX
b(u, g; 1) =0 Vge M

Output of interest:

s(u; 1) = I(u; ).




Domain decomposition
2D networks:
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Building blocks:




The geometry as a parameter




The geometry as a parameter

The viscous operator in the Stokes problem:
a(u,v; ) = 1// Vu - VvdQ.
Q
The viscous operator represented on the reference domain:

a(u, v; ) :V/AJ—Tﬁ(uocb).j—Tﬁ(vo¢)|J|d§,
Q

where 7 is the Jacobian of ¢, and V= JTV.




The geometry as a parameter

The viscous operator in the Stokes problem:
a(u,v; ) = V/QVu - VvdQ.
The viscous operator represented on the reference domain:
a(u,v; ®) :u/ﬁJ—T%(uocb).j—Tﬁ(vo¢)|J|d§,

where J is the Jacobian of ¢, and V= JTV.

The divergence operator represented on the reference domain:

b(v, p: &) = _/ﬁ(pocb)%-[J—l(vo¢)]|1|dﬁ.




The geometry as a parameter

= | |=C| j=—=

Parameter set: &; : Q— Qi,, i=1,..,N.

Corresponding basis functions: (u;,p;), 7=1,...,N. Stored on the
reference domain: p; = pjo ®; 1, Gy = W(u;, ;) = J H(u; 0 ®;)| ;).




Reduced basis element solution

a(uf, v; 1) + b(v, pk; ®1) = I(v;dl)  Vve Xy(Qh)
b(ul, g; $1) =0 Vg e My(QY)
a(u,v; ®) + b(v, p3; 9?) = I(v;9?)  Vve Xy(Q?)
b(u%, g; d?) =0 Y q € My(2?)
Jr(ul —ug) - nyds =0 Ve W(T)
Jr(uf —uy) - tods =0 Ve WHT)




Reduced basis element solution

Velocity:

§ : 1~1 2~2
uy = alul Iul’
where @it = V~1({;, d1).

Pressure:

N
pn = BB+ Zﬂ2p,,
i=1

where p} = p; o ®L.




Nonaffine parameter dependence - offline computation

Aj = a(il;, iij; ®) = V/\ T~ TV(i; 0 ) - T~V (iij 0 d)|J|dQ
Q
Q

=v Z aq(ﬁ,-, a;, gq(q’))




Nonaffine parameter dependence - offline computation

Aj = a(il;, iij; ®) = V/\ T~ TV(i; 0 ) - T~V (iij 0 d)|J|dQ
¢
=vY_a%(d;, 0;,89(P))
q=1
Using &i; = W 1(d;, ®) = —

— T . Ji; 0O
V/J v( IJ\ i) J V(M 70,)|J1d,

and for Q =17

(91),'5 8i\lj5 (9LAI,',7 3flj77) dﬁ

o 1
a'(0;, 0;, g1(®)) = /ﬁup(j121”221)(j122”222)< o o¢

dn on

O



Output bounds - nonconforming case

oy

Since uy ¢ X(Q), we define the jump [u.] = uf\,lre - u;‘\,‘re.

Find uk € X™(Q%) and pX € M(Q¥), such that

a(uk,v; %) + b(v, pk;dK) = 0 Vve (HHQK))?
b(u¥, g; ®*) = 0 Vge My(Qh),

where X"¢(Q%) = {v € (H}(Q¥))?,v = [u.] on ['c,v =0 on 9QX\T.}.




Output bounds - nonconforming case

oy

Since uy ¢ X(Q), we define the jump [u.] = uf\,lre - u;‘\,‘re.

Find uk € X™(Q%) and pX € M(Q¥), such that

a(uk,v; %) + b(v, pk;dK) = 0 Vve (HHQK))?
b(u¥, g; ®*) = 0 Vge My(Qh),

where X"¢(Q%) = {v € (H}(Q¥))?,v = [u.] on ['c,v =0 on 9QX\T.}.

The resulting iy = uy + Zu’g is in X(Q).
k




Output bounds - nonconforming case

Using conforming analysis, we get the output bounds
S_(GN; ¢’) = 2/(ﬁN; ¢) — a(ﬁ/\/, ay; ¢)

and
sT(ty; @) = s (lin; @) + a(e, e; D),

where e solves
a(e,v; ) = I(v; ®) — a(iin, v; ¢) — b(v, py; ®) Vv e X(Q),

and

s(u,v;¢)=/Ag(¢)€(uo¢) T (v o b)do




A basis for the jump discontinuity - tangential direction

[ 2 o e @ L @ *—0 00

Lagrange interpolation polynomials /;(¢) € P, defined on A/ + 1 GLL
points.




A basis for the jump discontinuity - tangential direction

[ 4 o e @ L @ *—0 00

Lagrange interpolation polynomials /;(¢) € P, defined on A/ + 1 GLL

points. R R
Find 0! € X!(Q2) and pf € M(Q), such that

)

a(@if,v; %) + b(v, 5 ®F) = 0 Vv e (H}(Q))?
b(@f, q; ®X) = 0 YgeMny(Q)

where R N
X,-t(Qk) ={ve (HYQ))?vn=0,v-t=1/(¢) one,v="00ndQ\I.}.

O




A basis for the jump discontinuity - normal direction

[ 4 o e L L @ *—0 00

Modified Lagrange interpolation polynomials 7,(5) = 1;(&) — qi(€), where
qi(€) € P? satisfies

1 1
a(~1)=0, q(1)=0, and / ae)dt = / NIGES




A basis for the jump discontinuity - normal direction

[ 4 o e L @ @ *—0 00

Modified Lagrange interpolation polynomials 7,(5) = 1;(&) — qi(€), where
qi(€) € P? satisfies

1 1
a(~1)=0, q(1)=0, and / ae)dt = / NIGES

Find 67 € X"(Q) and p" € M(Q), such that
a(87,v; &%) + b(v, B 0F) = 0 Vv e (HH(Q))
b(d7, g; D) = 0 Vge My(Q),

where R B N
X"(QK) = {v e (H(Q)%v-n=1(&) on Te,vt =0,v =0 on d0\I'.}.




A basis for the jump discontinuity - online assembly
[ & on o @ @ @ *—0 00

The jump across I,

The conforming correction is now

u = Z ’Y + Z ’YI i7
where the tangential coeffluents are
= 0(&))
and the normal coefficients are

h&) o Iv—a(&) 7 (&)

71(§f;f—2) 7}\/72('5/\/72) %"\/'72 ﬁg(fj'\/fz)




A basis for the jump discontinuity - online assembly
[ & on o @ @ @ *—0 00

The jump across I,

The conforming correction is now

u = Z ’Y + Z ’YI i7
where the tangential coeffluents are
= 0(&))
and the normal coefficients are

h&) o Iv—a(&) 7 (&)

71(§f;f—2) 7}\/72('5/\/72) %"\/'72 ﬁg(fj'\/fz)




Speedup

1 o 1 2 3 4 5 & 1 8 o

Steady Stokes solved with a conventional spectral element code, N/ = 20

t = 47465 ~ 1h20m, s(u;®) =4.80-10*




Speedup

Steady Stokes solved with a conventional spectral element code, N/ = 20

t = 47465 ~ 1h20m, s(u;®) =4.80-10*

Reduced basis approximation without offline-online decoupling, N = 15,

t=299s ~5m, st(iiy;®)— s (iiy; ) =4.59-107°




Speedup

Steady Stokes solved with a conventional spectral element code, N/ = 20
t = 47465 ~ 1h20m, s(u;®) =4.80-10*
Reduced basis approximation without offline-online decoupling, N = 15,

t=299s ~5m, st(iiy;®)— s (iiy; ) =4.59-107°

Reduced basis approximation with decoupling, N = 15,
t=238s, sT(iiy;®)—s (liy;®) =4.59-107°




