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Reduced basis ingredients

Parameter set: SN = {µi}
N
i=1.

Affine decomposition: AN(µ) =

Q∑

q=1

βq(µ)Aq
N .

Reduced basis solution: uN(µ) =

N∑

i=1

αi (µ)ui .

Output of interest: sN(µ) =
N∑

i=1

αi (µ)si .

A posteriori error analysis: s−(µ) ≤ sN(µ) ≤ s+(µ).



Flow problems on complex geometries

The steady Stokes equations:
find u ∈ X and p ∈ M

a(u, v;µ) + b(v, p;µ) = l(u;µ) ∀v ∈ X

b(u, q;µ) = 0 ∀q ∈ M

Output of interest:

s(u;µ) = l(u;µ).



Domain decomposition
2D networks:
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Building blocks:



The geometry as a parameter
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The geometry as a parameter
The viscous operator in the Stokes problem:

a(u, v; Φ) = ν

∫

Ω

∇u · ∇vdΩ.

The viscous operator represented on the reference domain:

a(u, v; Φ) = ν

∫

bΩ

J−T ∇̂(u ◦ Φ) · J−T ∇̂(v ◦ Φ)|J|dΩ̂,

where J is the Jacobian of Φ, and ∇̂ = J T∇.



The geometry as a parameter
The viscous operator in the Stokes problem:

a(u, v; Φ) = ν

∫

Ω

∇u · ∇vdΩ.

The viscous operator represented on the reference domain:

a(u, v; Φ) = ν

∫

bΩ

J−T ∇̂(u ◦ Φ) · J−T ∇̂(v ◦ Φ)|J|dΩ̂,

where J is the Jacobian of Φ, and ∇̂ = J T∇.

The divergence operator represented on the reference domain:

b(v, p; Φ) = −

∫

bΩ

(p ◦ Φ)∇̂ · [J−1(v ◦ Φ)]|J|dΩ̂.



The geometry as a parameter
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Parameter set: Φi : Ω̂ → Ωi , i = 1, ...,N.

Corresponding basis functions: (ui , pi ), i = 1, ...,N. Stored on the

reference domain: p̂i = pi ◦ Φ−1
i , ûi = Ψ(ui ,Φi ) = J−1

i (ui ◦ Φi )|Ji |.



Reduced basis element solution

Ω
1

Ω
2

a(u1
N , v; Φ1) + b(v, p1

N ; Φ1) = l(v; Φ1) ∀ v ∈ XN(Ω1)
b(u1

N , q; Φ1) = 0 ∀ q ∈ MN(Ω1)

a(u2
N , v; Φ2) + b(v, p2

N ; Φ2) = l(v; Φ2) ∀ v ∈ XN(Ω2)
b(u2

N , q; Φ2) = 0 ∀ q ∈ MN(Ω2)
∫
Γ
(u1

N − u2
N) · nψds = 0 ∀ ψ ∈ W n(Γ)∫

Γ
(u1

N − u2
N) · tψds = 0 ∀ ψ ∈ W t(Γ)



Reduced basis element solution

Velocity:

uN =

2N∑

i=1

α1
i ũ

1
i +

2N∑

i=1

α2
i ũ

2
i ,

where ũ1
i = Ψ−1(ûi ,Φ

1).

Pressure:

pN =

N∑

i=1

β1
i p̃

1
i +

N∑

i=1

β2
i p̃

2
i ,

where p̃1
i = p̂i ◦ Φ1.



Nonaffine parameter dependence - offline computation

Aij = a(ũi , ũj ; Φ) = ν

∫

bΩ

J−T ∇̂(ũi ◦ Φ) · J−T ∇̂(ũj ◦ Φ)|J|dΩ̂

= ν

Q∑

q=1

aq(ûi , ûj , g
q(Φ))



Nonaffine parameter dependence - offline computation

Aij = a(ũi , ũj ; Φ) = ν

∫

bΩ

J−T ∇̂(ũi ◦ Φ) · J−T ∇̂(ũj ◦ Φ)|J|dΩ̂

= ν

Q∑

q=1

aq(ûi , ûj , g
q(Φ))

Using ũi = Ψ−1(ûi ,Φ) =
1

|J|
J (ûi ◦ Φ−1), we get

a(ũi , ũj ; Φ) = ν

∫

bΩ

J−T ∇̂(
1

|J|
J ûi ) · J

−T ∇̂(
1

|J|
J ûj)|J|dΩ̂,

and for Q = 17

a1(ûi , ûj , g
1(Φ)) =

∫

bΩ

1

|J|3
(J 2

11+J 2
21)(J

2
12+J 2

22)

(
∂ûiξ

∂ξ

∂ûjξ

∂ξ
+
∂ûiη

∂η

∂ûjη

∂η

)
dΩ̂



Output bounds - nonconforming case

Ω
1

Ω
2

Since uN /∈ X (Ω), we define the jump [ue ] = ul
N|Γe

− uk
N|Γe

.

Find uk
c ∈ X Γe (Ωk) and pk

c ∈ M(Ωk), such that

a(uk
c , v; Φk) + b(v, pk

c ; Φk) = 0 ∀ v ∈ (H1
0 (Ωk))2

b(uk
c , q; Φk) = 0 ∀ q ∈ MN(Ωk),

where X Γe (Ωk) = {v ∈ (H1(Ωk))2, v = [ue ] on Γe , v = 0 on ∂Ωk\Γe}.
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Ω
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Since uN /∈ X (Ω), we define the jump [ue ] = ul
N|Γe

− uk
N|Γe

.

Find uk
c ∈ X Γe (Ωk) and pk

c ∈ M(Ωk), such that

a(uk
c , v; Φk) + b(v, pk

c ; Φk) = 0 ∀ v ∈ (H1
0 (Ωk))2

b(uk
c , q; Φk) = 0 ∀ q ∈ MN(Ωk),

where X Γe (Ωk) = {v ∈ (H1(Ωk))2, v = [ue ] on Γe , v = 0 on ∂Ωk\Γe}.

The resulting ũN = uN +
∑

k

uk
c is in X (Ω).



Output bounds - nonconforming case

Using conforming analysis, we get the output bounds

s−(ũN ; Φ) = 2l(ũN ; Φ) − a(ũN , ũN ; Φ)

and
s+(ũN ; Φ) = s−(ũN ; Φ) + â(e, e; Φ),

where e solves

â(e, v; Φ) = l(v; Φ) − a(ũN , v;φ) − b(v, p̃N ; Φ) ∀ v ∈ X̃ (Ω),

and

â(u, v; Φ) =

∫

bω

g(Φ)∇̂(u ◦ Φ) · ∇̂(v ◦ Φ)d ω̂.



A basis for the jump discontinuity - tangential direction

Lagrange interpolation polynomials li (ξ) ∈ P
N , defined on N + 1 GLL

points.



A basis for the jump discontinuity - tangential direction

Lagrange interpolation polynomials li (ξ) ∈ P
N , defined on N + 1 GLL

points.
Find ût

i ∈ X t
i (Ω̂) and p̂t

i ∈ M(Ω̂), such that

a(ût
i , v; Φk) + b(v, p̂t

i ; Φ
k) = 0 ∀ v ∈ (H1

0 (Ω̂))2

b(ût
i , q; Φk) = 0 ∀ q ∈ MN(Ω̂),

where
X t

i (Ωk) = {v ∈ (H1(Ω̂))2, v·n = 0, v · t = li (ξ) on Γ̂e , v = 0 on ∂Ωk\Γe}.



A basis for the jump discontinuity - normal direction

Modified Lagrange interpolation polynomials l̃i (ξ) = li (ξ) − qi (ξ), where
qi (ξ) ∈ P

2 satisfies

qi (−1) = 0, qi (1) = 0, and

∫ 1

−1

qi (ξ)dξ =

∫ 1

−1

li (ξ)dξ.



A basis for the jump discontinuity - normal direction

Modified Lagrange interpolation polynomials l̃i (ξ) = li (ξ) − qi (ξ), where
qi (ξ) ∈ P

2 satisfies

qi (−1) = 0, qi (1) = 0, and

∫ 1

−1

qi (ξ)dξ =

∫ 1

−1

li (ξ)dξ.

Find ûn
i ∈ X n

i (Ω̂) and p̂n
i ∈ M(Ω̂), such that

a(ûn
i , v; Φk) + b(v, p̂n

i ; Φk) = 0 ∀ v ∈ (H1
0 (Ω̂))2

b(ûn
i , q; Φk) = 0 ∀ q ∈ MN(Ω̂),

where
X n

i (Ωk) = {v ∈ (H1(Ω̂))2, v · n = l̃i (ξ) on Γ̂e , v·t = 0, v = 0 on ∂Ωk\Γe}.



A basis for the jump discontinuity - online assembly

The jump across Γe

[ûe ] =

[
ût

e

ûn
e

]

The conforming correction is now

ûk
c =

N−1∑

i=1

γt
i û

t
i +

N−2∑

i=1

γn
i û

n
i ,

where the tangential coefficients are

γt
i = ût

e(ξi )

and the normal coefficients are



l̃1(ξ1) . . . l̃N−2(ξ1)

...
. . .

...

l̃1(ξN−2) . . . l̃N−2(ξN−2)








γn

1
...

γn
N−2



 =




ûn

e (ξ1)
...

ûn
e (ξN−2)




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Speedup
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Steady Stokes solved with a conventional spectral element code, N = 20

t = 4746s ≈ 1h20m, s(u; Φ) = 4.80 · 10−4
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Steady Stokes solved with a conventional spectral element code, N = 20

t = 4746s ≈ 1h20m, s(u; Φ) = 4.80 · 10−4

Reduced basis approximation without offline-online decoupling, N = 15,

t = 299s ≈ 5m, s+(ũN ; Φ) − s−(ũN ; Φ) = 4.59 · 10−6
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Steady Stokes solved with a conventional spectral element code, N = 20

t = 4746s ≈ 1h20m, s(u; Φ) = 4.80 · 10−4

Reduced basis approximation without offline-online decoupling, N = 15,

t = 299s ≈ 5m, s+(ũN ; Φ) − s−(ũN ; Φ) = 4.59 · 10−6

Reduced basis approximation with decoupling, N = 15,

t = 38s, s+(ũN ; Φ) − s−(ũN ; Φ) = 4.59 · 10−6


