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ABSTRACT. In this paper we study some mathematical properties of an
inverse problem arising in connection with electrocardiograms (ECGs).
More specifically, we analyze the possibility for recovering the transmem-
brane potential in the heart from ECG recordings, a challenge currently
investigated by a growing number of groups. Our approach is based on
the bidomain model for the electrical activity in the myocardium, and
leads to a parameter identification problem for elliptic partial differential
equations (PDEs).
It turns out that this challenge can be split into two subproblems:
(1) The task of recovering the potential at the heart surface from body
surface recordings.
(2) The problem of computing the potential inside the heart from the
potential determined at the heart surface.

Problem (1), which can be formulated as the Cauchy problem for an
elliptic PDE, has been extensively studied and is well-known to be se-
verely ill-posed. The main purpose of this paper is to prove that problem
(2) is stable and well-posed if a suitable prior is available. Moreover, our
theoretical findings are illuminated by a series of numerical experiments.
Finally, we discuss some aspects of uniqueness related to the anisotropy
in the heart.

1. INTRODUCTION

The sources of the electrical voltages measured at the body surface in ECG
recordings is the electrical pulses generated by the heart. This electrical
activity is very important and closely linked to the blood pumping function
of the myocardium. Many heart diseases lead to changes in the potential
distribution and can therefore be identified by carefully examining ECG
recordings.

The first human ECG was published by Augustus D. Waller in 1887. Since
then it has become one of the most widespread and commonly used medical
monitoring devices. This is probably due to the fact that heart conditions
are among the most common diseases in the world [26] and the relatively
low costs linked to buying and maintaining ECG machines.

In spite of its success, diagnoses based on manual inspection of ECGs
often fail to detect heart diseases and malfunctions [3, 15, 27]. The outcome
of such procedures is, of course, also highly depend upon the expertise and
skills of the involved medical personnel. Thus, there is a need to improve
this technology.

The purpose of this paper is to explore the possibilities for using mathe-
matical models to compute the potential distribution within the heart from
ECGs recorded at the body surface of a patient. If one manages to solve this
problem, it could lead to the construction of new medical imaging devices
providing the physicians with valuable information.

During the last three decades many researchers have analyzed inverse
ECG problems, see e.g. [6, 10, 13, 8, 17, 18, 16, 19, 22, 23, 24, 31, 33, 34,
35, 38, 43, 44, 45, 46, 50]. In particular, the task of recovering the electrical
potential at the heart surface, the so-called epicardial potential distribution,
from body surface measurements has received a lot of attention. We will
refer to this challenge as the classical inverse ECG problem. Note that the
second formulation that could be called classical, namely the reconstruction
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of epicardial activation sequences, is usually formulated into a linear inverse
problem of exactly the same type. The purpose of such studies is to increase
our knowledge about this organ. Furthermore, many diseases are revealed
through changes in the epicardial potential. Nevertheless, mainly due to
severe validation difficulties, it is still unclear when, or if, such techniques will
come into clinical use, see chapters 7 and 8 in [24] and [39] for a discussion.

Mathematically, the classical inverse ECG problem leads to a Cauchy
problem for a second order elliptic PDE. It has thus not only been thoroughly
analyzed in the bioengineering literature, but also in classical mathematical
texts [5, 9, 21] - to mention a few. More precisely, the potential at the
heart surface is, even though it is uniquely identifiable, highly unstable with
respect to uncertainties in the measured potential at the body surface. The
reconstruction is a severely ill-posed problem and often approximately solved
by invoking second order Tikhonov regularization. A simple introduction to
the topic is presented in Chapter 7 in [48].

The aim of the present paper is to investigate whether this inverse solu-
tion process can be taken one step further. Namely, to analyze the task of
computing the transmembrane potential inside the heart from the epicar-
dial potentials generated by solving the classical problem. In fact, we will
prove that this task can be formulated in terms of a stable set of equations,
provided that proper topologies are used. On the other hand, the nullspace
of the involved parameter-to-observation map contains nonzero elements.
Consequently, in its original form, this problem does not have a unique so-
lution. Apriori information about the potential distribution is hence needed
in order to compute meaningful solutions. We analyze this problem both
in terms of the closed range theorem and by considering it in view of the
famous Babuska-Brezzi conditions for saddle point problems.

In [7] an “oblique dipole layer” model of the excitation wavefront inside
the heart is proposed and analyzed. It contains interesting results regarding
the unique identification of the wavefront from ECG data, i.e. information
that might turn out to be important for understanding more about the
nullspace of our parameter-to-observation map. However, please note that
the present text mainly addresses stability issues and does not concern dipole
layer models.

This paper is organized as follows: A brief presentation of the bidomain
model is given in Section 2, sections 3 and 4 contain our stability analysis,
and the numerical experiments are presented in Section 5. The nullspace
associated with the inverse transmembrane potential problem is discussed
in Section 6, and we summarize our findings in Section 7.

2. BIDOMAIN MODEL

The bidomain equations are widely accepted as an accurate model for the
electrical activity in heart. They were developed during the 70s and 80s
[36, 37, 51] and have been thoroughly studied by many scientists, see e.g.
[25, 43, 48].

One may split the heart tissue into two parts; the intracellular and extra-
cellular spaces separated by the cell membrane. In the bidomain modeling
framework, each of these spaces are assigned a potential, i.e. the intracellular
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potential u; and the extracellular potential u.. Furthermore, the myocardial
tissue is regarded as a continuum medium! such that wu;(x,t) and ue(z,t)
are defined at every point z in the heart H and ¢ € [0,t*]. Here, [0,
represents the time span of a heart beat.

By defining the transmembrane potential v = u; —u., the scaled bidomain
model take the form

0

(1) a—i:F(s,v) for x € H, t € [0,t],
(2) v+ I(s,0) =V - (M;Vo)+ V- (M;Vu,) forxze H,tel0,t],
(3) V- (M;Vv)+ V- ((M; + M,)Vu,) =0 forxe H,tel0,t],

where M; and M, are the intracellular and extracellular conductivity tensors,
respectively, and F' and I are given functions. The state vector s = s(x,t)
contains one to approximately fifty entries which represent gating variables
and ionic currents. Details about (1)-(3) can be found in, e.g., [43, 48].

Equation (1) defines a system of ordinary differential equations at every
point x in the heart. The form of this system depends on the vector function
F' used to incorporate the cell dynamics. Many such models have been pro-
posed throughout the last three decades: Beeler and Reuter [2], DiFrancesco
[11], Luo and Rudy [29, 30] and Winslow et al. [52], etc. The form of the
total ionic current I is also determined by the particular framework used.

Let B denote the domain occupied by the entire body and define T' =
B\ H, see Figure 1. Outside the heart there are no electrical sources and
the involved tissues are passive conductors. The electrical potential u, in T'
is thus governed by an elliptic PDE on the form:

(4) V- (M,Vu,) =0 forxzeT,te[0,t],

where M, = M,(z) is the conductivity in the torso T, cf. [48] for further
details.

FIGURE 1. A schematic illustration of the domains and nor-
mal vectors involved in our study; the heart H, the torso T'
and the entire body B = H UT. Note that np = —ny at
OH and that 0T = 0H U 0B.

We will assume that the surface B of the body is electrically insulated,
for example surrounded by air. This yields the boundary condition

(5) (My,Vu,) -ng =0 on 0B,
1Considering the intracellular space as a continuous volume is justified by the fact that

cardiac cells are connected via so-called gap junctions. This topic is certainly beyond the
scope of the present text. Further details can be found in [25, 43].
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where ng denotes the normal vector of B of unit length. At the epicardial
surface OH, separating the heart H from the torso 7', one usually applies
the interface condition

(6) Ue = u, on OH

for the potential, and

(7) (McVue) -ng = —(MyVu,) -ny on 0H,
(8) (M;Vv+ M;Vu,) -ng=0 on 0H,

for the currents. Here, nyy and nt represent the outward normal vectors
of OH and 0T, respectively - see Figure 1. Equations (6) and (7) simply
express that the extracellular potential and current are continuous at the
heart surface. The property (8) is linked to the preservation of the total
current. Further details about this topic can be found in [48]. Note that,
adding (7) to (8) yields the equation

(9) ([MZ + Me]Vue) -nyg + (MZVU) Ny = —(MOVUO) -nt on OH.

Provided that initial conditions for the transmembrane potential v and
the state vector s are given, we can use (1)-(8) to simulate the electrical
changes in the myocardium during one heart beat. This is a challenging
scientific issue in itself, but not the topic of the present paper.

3. INVERSE TRANSMEMBRANE POTENTIAL PROBLEM

Let us now turn our attention toward the main purpose of this paper.
That is, toward the task of computing the transmembrane potential inside
the heart H from ECGs recorded at the body surface 0B. As mentioned
above, we might split this problem into two subtasks:

(1) Use the ECG to determine the potential at the heart surface 0H.
(2) Use the result generated in (1) to compute v throughout H.

The next two subsections are devoted to each of these problems.

3.1. Estimating the heart surface potential from ECG recordings.
How can we use an ECG e recorded at the body surface 0B to compute
the epicardial potential? Combining the ECG with (4) and (5) yield (using
standard notation for Sobolev spaces): Compute u,|sr € H 1/2 (0H) from

(10) V- (M,Vu,) = 0 inT,
(11) (M,Vu,) -ng = 0 ondB,
(12) u, = e onJdB.

This is the classical Cauchy problem for second order elliptic PDEs, which
has been extensively studied by many researchers, see e.g. [5, 9, 21]. Even
though it is severely ill-posed, several regularization techniques have been
constructed that seem to yield reconstructions of suitable quality by incor-
porating prior knowledge, e.g. second order Tikhonov regularization or the
Li-norm of the normal derivative (cf. [14]). Further details about this prob-
lem from an inverse ECG perspective can be found in the references cited
in Section 1. Will not dwell any further upon the Cauchy problem, since it
has already been thoroughly analyzed.
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3.2. Computing the Transmembrane Potential. In the following we
investigate the problem of computing the transmembrane potential from
body surface potential maps. This problem can be decomposed into two
steps, first of all the well-studied case of computing the epicardial potential
from the data on the body surface, and secondly the extension into the heart
to obtain the transmembrane potential. While the first part is known to be
ill-posed with severe instability, we show that the second step is stable in a
reasonable setting. The main issue in computing transmembrane potentials
instead of epicardial potentials is the nullspace of the forward operator,
which needs to be taken care of by prior knowledge - an issue we further
discuss below.

In Section 3.2.1 we study this challenge in terms of the closed range
theorem and in Section 3.2.2 by standard theory for saddle point problems.
The former provides a rather compact analysis, whereas the latter yields a
system of PDEs that can be solved to compute the transmembrane potential
v throughout H.

3.2.1. Analysis in terms of the closed range theorem. In the following we
provide an operator-theoretic analysis for the problem of computing the
transmembrane potential from the epicardial potential. Let us start with
the overall inverse problem of computing the transmembrane potential from
measurements of the body surface, which can be formulated as the operator
equation

(13) Av =e,
where e are the potential recordings and A is the forward operator
(14) A: HYH) = L*(0B),v — uolss,

with ug connected to v via the forward model (3), (4), (5), (6), and (9)
together with the normalization condition

(15) / ug do = 0.
oH

Note that some normalization condition for the potential is always needed

for the well-definedness of the forward model. We use (15) for simplicity,

but alternative normalizations can be considered with analogous arguments.
We split the forward operator into

(16) A=Ay0 Ay,

where Ag is the (standard) forward operator used for reconstructing the
epicardial potential, i.e.

(17) Ay HY*(0H) — L2(0B), ulon +— uolos,
with wug satisfying (4)-(6), and A; is the operator
(18) Ay HY(H) — HY*(0H), v = uelom,

where ug and u, satisfy the forward model (3), (4), (5), (6), (9), and (15).
Here HY/ *(8H) is defined via

(19) HY*(0H) == {h € HY?(0H) | / h do = 0}.
OH
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Our aim is to show that all ill-posedness (in the sense of instability) in the
solution of (13) is included in the inversion of Ay, while A; is an operator
with continuous generalized inverse but a possibly huge nullspace.

Theorem 3.1. Let Ay be defined as above. Then
(20) R(A) = HY?(0H).

Proof. First of all, it is straight-forward to show that there exists a unique
solution of (3), (4), (5), (6), (9), and (15). By the trace theorem it is
clear that R(A;) € H'/?(0H) and due to (15) R(A;) is indeed a subset of
V2 00m).
Vice versa, let h € H§/2(8H) be a function in H'(H) with trace h. Then
there exists a unique solution ug of (4), (5), and

ug = h on OH.

Then the Neumann trace MyVug - ny is in H~'/2(9H) and has zero surface
integral (from the solvability condition of the Neumann problem). Now let
ue € H'(H) be an arbitrary function satisfying u. = h on OH. Then there
exists a solution v € H'(H) and ug € H'(T) of the Neumann problem (3),
(4), (5), (6), (9), since the solvability condition

/ (IM; + M,]Vue) - ng + (M; Vo) - ngg) do = — / (M,Vu,)ng do = 0
OH OH

holds. Hence, ug, ., and v satisfy (3) - (6), (9), (15), which implies h =
Alv. D

A particular consequence of the characterization of R(A;) is its closed-

ness, since Hi/ 2 (OH) is a Banach space (a subspace of co-dimension one in
H'Y2(0H)). By the closed range theorem, this implies that the generalized
inverse of A; is a continuous linear operator.

We can further conclude that the operators A and Ay have related decay
of singular values, more precisely there exist positive constants ¢; and ¢
such that

el Aol < AWl < &f| A

Indeed, é; is the square of the smallest nonzero singular value of A; and ¢,
is the square of the largest singular value. From this relation it is possible
to transfer stability estimates for the pseudo-inverse of As, which are well-
known in the literature (cf. [1]), to estimates of the pseudo-inverse of A,
with the same quantitative dependence on data error. This means that the
reconstruction of the transmembrane potential is exactly as unstable as the
reconstruction of the epicardial potential. We hence conclude that it makes
sense to invert for the transmembrane potential if a good prior is available
(needed to eliminate the nullspace).

3.2.2. Analysis in terms of the Babuska-Brezzi conditions. The purpose of
this section is to explain how we may use data available at the heart surface
to compute the transmembrane potential v throughout the entire heart wall.
More specifically, we propose to do this by minimizing the deviation between
v and a suitable prior subject to constraints given by equation (3) and
boundary conditions on the epicardial surface 0H.
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Let us assume that we have managed to compute d = u,|gy € H 1/2 (OH)
and that we want to use this information to determine the transmembrane
potential v inside the heart H. In principle, one could of course seek to
use the bidomain model (1)-(3) in its full complexity to solve this problem.
However, due to the involved steep gradients, the numerical solution of (1)-
(3) is extremely CPU demanding [12, 42, 49] and consequently not well-
suited for inverse solution procedures so far. Fortunately, as we will see
below, it turns out to be possible to inversely compute v (from heart surface
data) by only using equation (3).

Suppose that we have computed the heart surface potential d = u,|sm €
H'Y2(0H) from an ECG recording e by solving the Cauchy problem (10)-
(12). Our goal is to use d and

g = (M,Vu,) -nt on J0H,

to compute v inside H, cf. (9). To this end, assume that some prior vprior
for the transmembrane potential throughout H is available?. In terms of
mathematical symbols, our strategy can now be formulated as follows:

1 )
(21) S 5 llo = priorll g ary

subject to the constraints

(22) V(M + M)V + V- (MiVo) = 0 inH,
(23) ([M; + M) Vu) -ng + (M;Vv) -ng = —g on OH,
(24) Tu = d on0H,

where g € H-Y2(0H), d € H/?>(0H), and
T:H'(H)— HY?(9H)

denotes the trace operator. For the sake of simple notation, we write u
instead of u,.

We will now use the Babuska-Brezzi theory for saddle point problems to
analyze (21)-(24). More specifically, it turns out that this problem satisfies
the inf-sup and coercivity conditions, provided that the conductivities M;
and M, are well-behaved. This means that (21)-(24) defines a stable problem
that can be solved by considering a system of PDEs. The details are as
follows.

Assumptions. We will throughout this text assume that H is a Lipschitz
domain, M; and M. are symmetric tensors, and that there exist positive
constants ¢; and ¢y such that

T
M;
(25) 0<c1§an)ag(;2 for all z € H and all a € R™\ {0},
T
M.
(26) 0<c1§aT§f)agc2 for all z € H and all a € R™ \ {0},

where n = 2 or 3 depending on the spatial dimension of the problem under
consideration.

2The availability of such a prior will be discussed below.
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3.2.3. Linear system. The Lagrangian associated with (21)-(24) reads
Lw.uw,0) = g0 vpriorl ) + (T = o) saon
+ /H(MZ + M.)Vu-Vwdzr + /H M;Vv-Vwdz + (g, Tw)
for (v,u,w,q) € H'(H) x H'(H) x W x H/?(0H), where
W = {zp e H'(H); /de:c:0}.

In a straightforward manner we find that the directional derivatives of L
are

oL

<%,¢> = (U—Uprior,¢)H1(H)+/HMivw'V1/)d$a Y e HY(H),
oL

(g ¥ = /H(Mz‘JrMe)Vw'V¢d$+(T¢,Q)H1/2(aH), ¢ € H'(H),

oL
(oo 4) = /H<MZ-+ME>Vu-de+/HMNv'de+<g,T¢>, vew,

oL
<a_qa¢>
and the optimality condition

oL OL oL oL

o0 = =0 = =0, — =

v " Ou 0 ow 0 dq 0
thus gives the following system: Find v,u € H'(H), w € W and ¢q €
H'Y2(dH) such that

(Tu—d, ) a2 omy, ¥ € HY(OH),

G 0 Al 0 v GUprior
0o 0 A, K w | 0
(27) Az AiJre 0 0 w o —T*g ’
0 K 0 0 q Rd
where

G:H'(H)— (H'(H)), v = (v,) ),

Ai:Hl(H)—>(H1(H))’,v—>/ M;Vv -V - dz,
H

Ajye: HY(H) = (H'(H)), u — / (M; + M)Vu -V - dx,
H

K :H'(H) = (H2(0H)), u— (Tu,") 12 (0m);
R: HY?(0H) — (H'?(0H)), d — (d, ) p/e o)-

Note that assumptions (25) and (26) imply that A; and A;;. define uni-
formly elliptic operators.

A solution of (21)-(24) is equivalently characterized by (27). We will
therefore proceed by analyzing (27) and prove that this problem is well-
posed.
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Block system. Let us introduce the notation
X = H'(H)x H'\(H),
Y =W x H/?(0H),

1/2
lallx = (a1l + sl ) for @ = (a1,22) € X,

1/2
ity = (Il gy + 19l om ) for y=(1.92) € V-

By defining
(28) AXxox . a=|9 0,
0 O
) o | A Aige
(29) B.X—>Y,B_[0 e |
x = (v,u)’,
y = (w,q",

we may write (27) on the standard form: Find z € X and y € Y such that

Ax + By = [Gupior 0]

(30) Bx = [-T*g Rd)".

Please note that
(Az,y) = (931,y1)H1(H)
and

(Bz,y) = / M;Vzy-Vy dx
H

+/ (M; + M.)Vzxs - Vy; dz
H

+(T 2, y2) g2 om)-
Coercivity. We will now prove that the operator A is coercive on the kernel
(31) Z={2€X; Bz,yy =0 forallyeY}
of B.

Lemma 3.1. There exists a positive constant c3 such that the operator A,
defined in (28), satisfies

(Az, 2) > c3||z||%  forallz € Z,
where Z C X is the space defined in (31).
Proof. Let z = (z1,22) € Z be arbitrary. Then z € Z implies that

/ M;Vz - Vipde + / (M; + M)Vzy - Vpdz + (T22,9) gri/29m) = 0
H H

for all » € W and ¢ € HY2(0H), and by choosing 1) = zp — [y z2dx €
W, ¢ = Tz € HY/?(OH) we find that

(32) /(M1+M6)VZQ'VZQ dx+(Tz2>TZ2)H1/2(8H) :—/ M;NV2z1-Vzydx.
H H
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From (25) and the Cauchy-Schwarz inequality we conclude that
/ (M; + M)V - Vg dr + (T2, Tz) gz oy < c2llz1ll a2l 1y
H

and (25)-(26) and Friedrich’s inequality, see e.g. [32], imply that there exists
a constant cs > 0 such that

csllzellF ary < callzllm 22l i ooy -
Consequently,
(33) HZQHHl(H) < CGHZIHHl(H) for all z = (21,22) A

where cg = ca/cs.
The coercivity of A on the nullspace Z of B follows easily from (33).
More precisely, for any z = (21, 22) € Z:

(Az,z) = |zl
> 1 2 1 2
> 5”21”H1(H)+EHZ2HH1(H)
= 07(H21H%{1(H) + HZQH%P(H))
(34) = C7||ZH§(-

Inf-sup. Let us now show that the famous inf-sup condition holds.
Lemma 3.2. There exists a positive constant cq such that the operator B,

defined in (29), satisfies

B
inf sup M > C4.
veY zex ||zl x[lylly

Proof. Let y = (y1,y2) € Y be arbitrary. Consider the harmonic extension
x9 € HY(H) of yo € HY?(9H) to H, i.e zy satisfies

(35) Azy =0 in H,
(36) Tl‘Q =Y2 On 8H,

in the weak sense. Then there exists a constant cg, only depending on the
domain H, such that

(37) @2l () < eslly2llgzom.

see e.g. [20]. Furthermore, let 71 € H'(H) denote the unique function
satisfying®

(38) / MV, - Vi do = —/ (M; + M)V - Vi da
H H
+(y1. %) gy Vb € HY (H),
(39) / x1dx = 0.
H

3(Note that by choosing ¥ = 1 in (38) it follows that Sy y1dxz =0, ie. y1 must belong
to W).
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By choosing ¢ = x1 in (38) and applying assumptions (25)-(26), the Cauchy-
Schwarz and Poincaré’s inequalities we conclude that

lzillgy < co (leall ey + lyillm )

A

(40) < 1o (lvelvcom + lillman)

where the last inequality follows from (37).

Define & = (x1,x2) where x2 and z; denote the solutions of (35)-(36)
and (38)-(39), respectively. By choosing 1) = y; in (38), and recalling that
Txo = yo along OH, it follows that

(Bz,y) = (y1,y1) () + W2, ¥2) /200 = yll3-

Moreover, (40) and (37) imply that

2
Il < e (Ivellmeom + Iyl
+C§HZ/2H?{1/2(3H)

< 6%1 (HyZHZHlm(aH) + ||yl||fq1(H))

= i
and consequently
sup (Bz,y) Biy) _ vl o Wl 1
sex lzllxllylly — I20xlyly — I2lxllylly — cullylyllylly — en’

Finally, since y was arbitrary, we conclude that

B 1
inf sup M > —.
veY gex zlxllylly — en

O

By applying straightforward techniques, one can show that A; X — X’
and B : X — Y’ are continuous. Consequently, standard theory for saddle
point problems imply that (see e.g. [4]):

Theorem 3.2. The operator

!/
.A:XXY—)X/XY/,A:[A B }

B 0

is continuously invertible. Here, A and B are the mappings defined in (28)
and (29), respectively.

By combining Theorem 3.2 with the analysis presented above we conclude
that; for every vpior € H'(H), the problem (21)-(24) has a unique solution
v € H'(H) which depends continuously on the data (d, g) € (HY?(0H, H~'/?(0H)).
That is, (21)-(24) is well-posed, and the solution of this problem can be com-
puted by solving the system (27).
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4. HEART MODELS WITH CAVITIES

So far we have ignored the cavities in the heart. We will now briefly discuss
this issue by reconsidering the coercivity and inf-sup conditions presented
in lemmas 3.1 and 3.2.

Let C = CLUCR, where CL and C'R are the domains occupied by the
left and right heart cavities, see Figure 2. Note that the transmembrane
potential v only is defined in the heart wall H, whereas the state equation
is defined in both H and C. The model (21)-(24) must thus be changed
accordingly:

4y i, 30 = il
subject to

-V (M;Vv) in H,
(42) V. (MVu) { . (M;Vv) n
(43)([M; + M| Vu) -ng + (M;Vv) -ng = —g on 0H,
(44) Tu = d on O0H,
(45) ue = wuc on 9C
(46) (Mevue) ‘N = _(MCVUC) -ng on 0C,
(47) (M;Vv+ M;Vu.) -ng = 0 on dC,

where ue = u|pg, uc = ulc and ng¢ is the outward directed normal vector of
unit length of dC. Note that the interface conditions (45)-(47) on 9C are
similar to those valid at the epicardial surface, cf. (6)-(8). Since the cavities
are filled with blood, the function M takes the form

() Ma) = { Q) e B

where M¢ is the conductivity of blood. Recall that g € H~'/2(0H) and
d € HY?(9H) are given data.

The solution u of the state equation (42) is harmonic in C'. This fact plays
an important role in our analysis, and we therefore introduce the Hilbert
space

(49) Q:{Q/JeHl(HUCM /va-vgbd:c:oforalweHg(o)}.

For the present model, the corresponding Lagrangian, cf. sections 3.2.2 and
3.2.3, thus reads

1
L(’U,’LL,’U),Q) = 5”7) - UPTiOTH%Il(H)
—|—/ (MVu)'de:L‘—i—/ M;Vv-Vwdz + (g, Tw)
HUC H

-l—(Tu—d, q)H1/2(aH)
for (v,u,w,q) € HY(H) x Q x W x HY2(9H), where

W:{¢e@\ /lezdx:o}.
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With cavities the Hilbert spaces associated with the saddle point problem
are

X = H'(H) x Q.

Y =W x H'?(0H).

Y roa '
LWOL, | CR/

N N

. -

FI1GURE 2. Torso T, heart wall H, and cavities CL and CR.
In this text we employ the notation C = CLUCR and 0C' =
OCL U OCR. Note that dH denotes the epicardium, not
including the endocardial surfaces 0C'L and dCR.

The proof of Lemma 3.1 (coercivity) is based on proving inequality (33).
For the present model, this is achieved as follows. Analogous to (32), we
find that

(50) / (MVz) - Vaada + (T2, T22) g2 gpy = —/ M;Vz - Vzodx,
HUC H

and the Cauchy-Schwarz inequality implies that

/ C(MVZQ) . VZQ dx + (TZQ,TZQ)H1/2(8H) < ClQHZl||H1(H)H22||H1(H)'
HU

Since the epicardial surface OH constitutes the boundary of H UC, we may
employ Friedrich’s inequality to conclude that there exists a constant c;3 > 0
such that

cisllzellfn moey < eallzlla i 22l m iy < eallzillm 22l aue) -
Consequently,

(51) 22l (rrucy < crallza |l (s

where c14 = ¢12/c13. The coercivity on the kernel of the state equation is
now a simple consequence of (51), cf. (34).

Next, we consider the inf-sup condition. Let 1 € @) be arbitrary, where
@ is defined in (49). Since 9 is harmonic in the cavities C, it follows from
standard stability results for elliptic PDEs that there exists a constant c1s,
independent of 1, such that

[l cy < csllVll ooy < aslVlmyzoe) + 191 a2 0mH))-
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From the trace theorem we thus conclude that

(52) 1] 1oy < crsll®ll iy for all ¥ € Q.

We can employ (52) to generalize the argument for the inf-sup condition,
presented in the proof of Lemma 3.2, to the present situation. The details
are as follows.

For arbitrary y = (y1,y2) € Y, let 2o € H'(H) be the unique solution of

(53) Az =0 in HUC,
(54) Txy =1vy2 on OH.

Classical stability estimates imply that there exists a constant ci7 such that

(55) 2l 1 roc) < arllyellmreom-

Clearly, C C H U C and therefore z2 € Q.
Next, consider the bilinear form

a(b.6) = [ Mo Vi tor . € W
H
From Poincaré’s inequality we find that

a(¢7 ¢) > Cl8||¢”%{l(H) for all ¢ S I/V,

and since W C @ inequality (52) implies that

a(6,6) > c1oll6l % oy for all ¢ € W,

We conclude that a(-,-) is coercive on W x W. The continuity of a(-,-) is
verified by employing straightforward techniques.
The linear functional

() = — MVzy - Vipdr + (y1,¥) g mucy for p € W
HUC

is bounded. From Riesz Representation Theorem we thus conclude that
there exists a unique element r € W satisfying

a(r,) =1(yp) for all v € W.

If we choose x1 to be the restriction of r to H, then x; € H'(H) and by
invoking standard estimates for elliptic PDEs one finds that

lz1ll vy < rlla @oey

IN

20 (llz2ll g oy + vl mocy)

IN

a1 (2l m172(0m0y + Il sy )

where the last inequality follows from (55). The remaining part of the proof
of the inf-sup condition for heart models with cavities is analogous to the
argument presented in connection with Lemma 3.2.
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5. NUMERICAL EXPERIMENTS

We now turn our attention toward an experimental study of the theo-
retical findings presented above. The tests will be performed on 2D heart
models with cavities, see Figure 2, and only address the problem of comput-
ing the transmembrane potential from heart surface potentials. The task of
determining the voltages at the heart surface from body surface data can, as
briefly discussed above, be handled by solving a standard Cauchy problem
for an elliptic PDE.

5.1. Software issues. In order to ease the implementation of software for
solving (41)-(47) we remove the inhomogeneous Dirichlet condition (44) by
using a harmonic extension d of d € HY/?(0H) to H'(H U C). More specif-
ically, d € H'(H U C) is the unique solution of

(56) Ad = 0 in HUC,
(57) Td = d on 0H,
and we define
a=u—d.
In addition, a simple penalty method, parameterized by 0 < € < 1 is invoked
such that the transmembrane potential v can be extended to be defined in

both the heart wall H and in the cavities C'. We thus suggest the following
penalized approximation of (41)-(47):

: 1 2 1 2
(58) . o = priorllra a1y + €510 = Vpriorlz71 (o

subject to the constraints

L =V (M;Vv) -V -[MVd] inH,
(59) V- Mva] = { —€eV - (M;Vv) — V- [Mv?d} in C,
(60) (MVa)-ng + (M;Vv) -ng = —(MVd) -ng —g on 0H,
(61) Tu=0 on0H,

where we, for the sake of convenience, have omitted to repeat the interface
conditions on the boundary OC' of the heart cavities, cf. (45)-(47). Further-
more, the intracellular conductivity M; is extrapolated to also be defined in
C, and M is defined in (48).

Our procedure for computing the transmembrane potential v from the
heart surface data d and g, cf. the third paragraph of Section 3.2.2, hence
consists of two steps:

e Determine the harmonic extension d of d by solving (56)-(57).

e Solve the optimality system associated with (58)-(61) with the fi-
nite element method. (For further details about how to derive such
optimality systems, please see Section 3.2.3).

Concerning the size of the penalty parameter €, we used e = 10~ in all the
examples presented below. Simulations with smaller values for € produced
virtually the same results.
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5.2. Prior. If the heart surface quantities g and d are available, one can in
principle compute the transmembrane potential v at any time during a heart
beat by solving (58)-(61). However, a suitable prior is needed in order to
obtain meaningful results. This is a delicate issue and, as far as the authors
know, reasonable priors are not available at arbitrary time instances. In the
numerical experiments we will therefore focus on the resting phase of the
heart cycle and ischemic heart disease.

Ischemia is a reversible precursor of heart infarction caused by partial
occlusion of one or more of the arteries/vessels supplying blood to the heart.
Consequently, there might be subregions, referred to as ischemic regions, in
the organ not receiving sufficient blood. If the condition persists, this may
eventually lead to an infarction.

According to reported lab measurements [28], the transmembrane poten-
tial v has a particularly simple structure during the resting phase. More
specifically, v is constant in both the healthy tissue and in the ischemic
region(s) with a transition zone in-between. Figure 3 shows the resting
transmembrane potential computed by solving the bidomain model (1)-(3)
with altered cell dynamics in the ischemic zone, see e.g. [47] for further
details. Motivated by this information, we considered the reconstruction of
v during rest, employed the prior vprior = —96mV’, and checked whether the
ischemic location could be identified.

16.42¢7
16

154 E ~79.6

824
4 1 |-8s2

88
13 E

908

124 E -93.6

114

10.05%r T T T T T T T
8 9 10 11 12 13 14 15 16

FiGURE 3. The resting transmembrane potential v generated
by solving the bidomain model with modified cell properties
in the ischemic region.

5.3. Examples. We considered five different test cases. In each case we
added uniformly distributed noise N to the true heart surface potential d
and two measures for the noise level were used:

e Mean amplitude:

i i IN(0)]

max d — mind’

(62)

where n denotes the number of mesh points at the heart surface.
o Relative Lo:

N|?d
(63) f@Q | | S —,
o 14— dmean2ds

where deqn 18 the mean value of d.
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Notice that the mean value of N was zero in all the experiments. We use
both measures, since in the mathematical literature it is more common to
define the noise level in the relative Ly sense, whereas in the biomedical
literature one refers to amplitudes when defining the amount of noise in
ECG signals.

Please note that no regularization was used in the reconstructions pre-
sented below.

5.3.1. Test 1: Transmural posterior ischemia. Figure 4 shows the results
obtained for a transmural posterior ischemia. The ischemic region can easily
be identified with 53 % noise, measured in the relative Lo sense, in the data.
However, the size of the ischemic zone is underestimated and the method
fails to identify the transmural property of the true lesion. In view of our
theoretical findings, we find it reasonable to suspect that these shortcomings
are caused by our choice of prior.

5.3.2. Test 2: Transmural anterior ischemia. The results shown in Figure
5 for a transmural anterior ischemia are similar to those observed in Test
1. This indicates that anterior and posterior transmural lesions are approx-
imately equally difficult to identify - at least if heart surface data is used in
the reconstruction process.

5.3.3. Test 3: Subendocardial anterior ischemia. We also explored whether
subendocardial lesions could be recovered. Results concerning such a case
are shown in Figure 6. Even though the reconstructions are of lower quality
than those obtained for the transmural cases in Test 1 and Test 2, it is still
possible to roughly identify the position of the ischemic region with 49 %
noise (relative L) in the heart surface potential d.

5.3.4. Test 4: Ischemia in the septum. The identification of ischemia in the
region between the cavities is more challenging than the examples explored
in tests 1-3, see Figure 7. Nevertheless, please note that the largest values
of the reconstructed transmembrane potentials occur in the septum, not far
away from the true ischemic region. Moreover, the reconstruction obtained
with 40 % noise (relative Lo) is almost as good as the one computed with
no noise.

5.3.5. Test 5: A healthy heart. Noisy data didn’t introduce any false is-
chemic regions in the tests with a healthy heart shown in Figure 8. In
this case the noise free heart surface potential d was constant, consequently
maxd — mind = 0, and the noise measures defined in (62)-(63) couldn’t
be used. We have therefore instead included the range of the uniformly
distributed noise N in Figure 8.

6. NULLSPACE AND SPECIFIC PRIORS

Since we have shown above that the computation of the transmembrane
potential given the epicardial potential is a stable problem, we now discuss
the remaining issue, namely the nullspace in the map between the trans-
membrane and epicardial potential.
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6.1. Monodomain Case. We start with the simple case of proportional
anisotropies, i.e.

(64) M.(x) = AM;(x) reH

for some positive constant A, where the bidomain model actually reduces to
the monodomain case. Under this condition it is well-known that u,. can be
explicitly computed from (3)

V- (M;V((1+ Nue +v)) =0

as

(65) () = ——

—H—)\’U(l“)

If the support of v is a compact subset of H all (Neumann and Dirichlet)
boundary values of u, on 0H vanish. In particular ischemic regions cannot
be seen at all from electrical measurements.

A similar reasoning holds for almost proportional conductivities, which
we model by an expansion of the form

(66) M(x) = \M;(z) + eM, x€H

with € small. Then we look for u, in an expansion of the form

(67) (@) = u(x) + eul(x) + O().

It is straight-forward to see that the correct asymptotic yields again

() = (@),

hence uQ does not contribute to the boundary data if v has compact support.
The next order is determined from the elliptic equation

1 ~
V- (1 4+ NM;Vaul — H—)\MBVU)) =0,
which yields a solution u! not proportional to v if M, is not proportional
to M;, and hence potentially nonzero contribution to the boundary data.
Even if the contribution is nonzero, we observe that u. is at most of order
€ at the boundary, and hence also ug will be of order € at the boundary
of dB. For small values of e this nonzero part will definitely be dominated
by measurement noise and it again becomes impossible to reconstruct a
transmembrane potential under practical conditions.

6.2. Piecewise Constant Shapes. A particularly interesting prior knowl-
edge is an approximately piecewise constant shape of the transmembrane po-
tential, e.g. during the resting phase of the heart, where the transmembrane
potential is known to approximately have two specific values in healthy re-
spectively ischemic tissue. In the following we will hence further study the
potential identifiability or non-identifiability of piecewise constant trans-
membrane potentials with only two pre-determined values. For the simplic-
ity of notation we assume that the scaling of the potential is such that

(68) v(r) = xa(r) = { (1) s %\Q,
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where ) is the ischemic subregion of the heart. This means that the ECG
is scaled such that the healthy heart yields potential recordings zero. We
shall assume that € is a disjoint union of a finite number of domains with
C'-boundaries, whose closure lies entirely in H. Moreover we assume that
H \ Q is simply connected.

As we shall see below the identifiability depends heavily on the anisotropies
in M; and M, and their directions relative to the orientation 9€2. In the
oversimplified case of isotropic conductivities the ischemic regions remain
completely invisible to electrical data.

Due to the low regularity of v in a piecewise constant model, we need
to resort to very weak formulations of (3). If u, v satisfy (3), then for all
functions ¢ € C§°(H), the equality
(69)

/ V- ((M; + Me)Vp)u dz = —/ V- (M;Vp) dz = —/ V- (M;Vp) dz.
H H Q

Applying Gauss’ Theorem we have

/ V- ((M; +M)Vo)u doe = —/ (M;Vp)-n do.
H o0

By choosing test functions ¢ supported in the interior of  or H \ Q
respectively, it is straight-forward to see that u solves

(70) V. ((M;+ M)Vu) =0  in H\ 0,

since Vv = 0 in H \ 0. It hence remains to derive appropriate interface
conditions on 0. For this sake we split (69) into integrals on H \ © and
) and integrate by parts. Denoting by n the exterior normal vector and by
[¢] the jump of a quantity ¢ across 9 (limit from H \ Q minus limit from
Q)

/ Vo (Mt Me)Veu do = —/ (M; + Me)Vep) - Vu da
H H\0Q
—/ [(M; + M)V)ul] - o
o0
= / V- ((M; + M)Vu)p dz
H\0Q
_/ [(M; + M:)V)u] - n do
o0

+ /69[(MZ + M.)Vu)yp| - n do.

Due to (70) the first term vanishes and noticing that with the assumed
smoothness of test functions ¢ and Ve are continuous across 02, we con-
clude from (69)
(71)

; (M + Me)[Vu)) - np — (M + Me)Vep) - nlu] + (M;Vp) -n) do =0

Q

We finally mention that due to the density of C* in C!, (71) actually
holds for all test functions ¢ € C'(U), where U is an open set such that
00 CUand U C Q.
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6.3. Non-Proportional Anisotropies. In the following we further exam-
ine the case of non-proportional anisotropies, for simplicity restricting our-
self to spatial dimension two with spatially constant tensors M; and M.. In
principle a similar treatment seems possible in spatial dimension three, but
then the differential geometry of the surfaces becomes more involved, which
shadows the main arguments.

We shall assume that M; and M, are both positive definite, but not
proportional by a scalar factor. It is easy to check that this condition can
be written equivalently as

A (M + M) M\(M;)
Ao(M; 4+ M) = Xo(M;)’

(72)

where A1 (M) denotes the largest and Ay the smallest eigenvalue of M.

The general intuition, confirmed by numerical results in [40, 41], is that
ischemic regions can be well detected from body surface potential measure-
ments for realistic anisotropies. In particular such regions should lead to
boundary measurements different from the healthy heart. Such a general
statement is difficult to prove, but here we provide at least a partial re-
sult for a class of subregions, showing that indeed there is a significant set
of ischemic regions that result into nonzero body surface potential maps,
and hence the situation completely differs from the one with proportional
anisotropies.

Proposition 6.1. Let 02 be of class C? and include a straight part (curva-
ture zero) with positive one-dimensional Hausdorff measure. Then for each
I' C OB with positive measure we have ug|r # 0.

Proof. Assume ug = 0 on I' C 0B with I' having nonzero boundary measure.
By the uniqueness of the Cauchy problem for elliptic equations we conclude
up = 0 in B\ H. As a consequence ug = 0 and Vug = 0 on 9H. The
interface conditions on 0H further imply u = 0 and Vu = 0 on 0H. Using
(70) we can again conclude v = 0 in H \ 2 by the uniqueness of the Cauchy
problem. Hence, all jump terms in (71) are just the one-sided limits from
inside €2, i.e. we have

| (0 + M)V0) -+ (s + M) -+ (M) ) dr =0
o0
In the following let

a:=((M;+Mn)n, b:=((M;+M)n)t c:=(Mn)n, d:=(Mmn)t,

where t is the tangent vector on 9. Then the interface condition can be
rewritten as

ou ou Oy dy Oy dy B
/69< L b80¢+aanu+baau+can+daa do = 0.

Now let ¢ be a test function such that ¢ = 0 on 0, then also g—f =0 and

hence,
Iy dp
— — | do=0.
/(m(aanu—l—can) oc=20
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Since g—ﬁ can still be chosen arbitrarily, we conclude
c
U=—— on 0f).
a

Taking a test function with vanishing normal derivative, but arbitrary on
09 we have after integration by parts with respect to o we conclude

/ Ou by 20 | 0N
o \Con” 857 T o T P00 ) 0T

From the arbitrary choice of ¢ we conclude
ou Ou O(bu) 0d

“on T 90 90 0o

Now assume there exists a straight subset X of 9 with positive measure.
Since n and t are constant on Y, we conclude that a, b, ¢, and d are constant
on Y. Hence, g—z = 0 and u = —7 is constant. By the uniqueness of the
Cauchy problem for (70) we conclude that w is constant in the connected
component g of €2 to whose boundary I belongs. This implies that g—z =0
on 0y, i.e. from the above formula for the normal derivative

pdu | Obw) | Od

do do do

Inserting u = —¢ we further conclude

L hoc heda_cob_od
 Tado a20c ado Oo

From the Frenet formulas in the plane we conclude

Oa = —2bk, 9e = —2dkK
0o

0.

do

and 0b od

—=(a—t-(M;+ M)t))r, — =(c—1t-(M;t))k.

do do
Hence, in each part of 0}y with nonzero curvature we conclude

2
42 AT S (M4 M) — & - (Mit) = 0.
a a a

Since 0 is a closed curve there exists a point zg € 02y such that t is an
eigenvector of (M;+ M,) corresponding to the larger eigenvalue Aj(M;+ M),
and consequently also n is the eigenvector of the second eigenvalue. Then

b(xo) = (M; + Me)n) -t =An-t=0.

Now we can choose such an xy with the further property that there exists
xd € 99 in a ball of radius § around xg such that the curvature at x§ is
nonzero. In particular the remainder terms
bd b?
r=420 42 ¢
a a

satisfy 7(zd) — 0 as § — 0, since a(x}) is uniformly positive and b(xg) = 0.

Hence, the equality

C xé
r(af) + Sl - (M + Moje(o)) = w(af) - (Mie(a) =0
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implies in the limit § — 0
c(xo)
a(xo)

respectively after inserting ¢ and a

)\1(MZ' + Me) t- ((MZ + Me)t)

t(wo) - (Mi + Me)t(xo)) — t(xo) - (Mit(z0))

t
< Y
Ao(M;+ M) n-((Mi+ Me)n)  n-(Myn) — Ao(M;)
which contradicts our original assumption. U

Note that the assumption of the ischemic region having a straight part is
mainly a technical one. The first part of the proof is a general derivation
and it would remain to discuss the compatibility condition for an elliptic
Cauchy problem with boundary data

u:—E on 0N

and

aa_n:_ba_(f_a—o’_a_(j OHaQ.

This is of course easier in the case with straight part, where u is constant
and % vanishes.

Our preliminary result might be just the starting point of a more detailed
study of the dependence of the inversion on the anisotropic structure of the
heart. A particularly important question in this respect is to characterize
ischemia that can or cannot be uniquely reconstructed from body surface
potential measurements. As mentioned in the Introduction, the results pre-
sented in [7] might turn out to be important for achieving this goal. We
hope to be able to stimulate future research on this topic.

7. SUMMARY AND CONCLUSIONS

Most research addressing inverse problems arising in connection with ECG
data focus on the computation of epicardial voltage distributions or activa-
tion sequences. We have investigated whether such inverse solutions can be
taken one step further. More precisely, we have analyzed the task of comput-
ing the transmembrane potential inside the heart from heart surface data.
In our main result we showed that this problem can be formulated in terms
of a stable set of partial differential equations, provided that proper topolo-
gies are employed. Unfortunately, the solution of the problem is not unique,
and consequently, the reconstruction of transmembrane voltages inside the
myocardium must be guided by additional medical information.

During the resting phase of the heart cycle the transmembrane potential
is known to be approximately constant in a healthy heart. This information
can be used to define a suitable prior for identifying voltage changes due to
ischemic heart disease. In a number of test cases this approach was used to
explore our theoretical findings by performing numerical experiments with
synthetic data. As predicted by our mathematical analysis, these compu-
tations turned out to be robust with respect to noise in the input data -
no regularization was needed. On the other hand, these tests also revealed
the importance of having a good prior, which turned out to be particularly
important for identifying ischemia in the region between the left and right
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(a) True solution (b) No noise
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| 3 N B
(e) 140% relative Lo noise, 26% mean am- (f) 211% relative L noise, 40% mean am-
plitude noise plitude noise

FIGURE 4. The first case concerns a transmural posterior
ischemia. The true solution is shown in the uppermost left
panel. The uppermost panel to the right shows the result
obtained with noise free data. The remaining figures were
computed with varying degree of noise.

ventricles. Further apriori knowledge should therefore be invoked and tests
with clinical data must be undertaken.
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